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Abstract. Let (X, u>) be a compact Kahler manifold. We introduce 
and study the largest set DMA(X, ui) of cj-plurisubharmonic (psh) func- 
tions on which the complex Monge- Ampere operator is well defined. It 
is much larger than the corresponding local domain of definition, though 
still a proper subset of the set PSH(X, u) of all u-psh functions. 

We prove that certain twisted Monge- Ampere operators are well de- 
fined for all w-psh functions. As a consequence, any tj-psh function with 
slightly attenuated singularities has finite weighted Monge- Ampere en- 
ergy. 



Introduction 

It is well known that the complex Monge-Ampere operator is not well 
defined for arbitrary plurisubharmonic (psh) functions. Bedford and Taylor 
[BT3] found a way to define it for locally bounded psh functions. Later the 
definition was extended to classes of unbounded functions (see [Sib], [D2], 
[FS]). Whenever defined, the Monge-Ampere operator was shown to be con- 
tinuous along decreasing sequences, but it is discontinuous along sequences 
in L p . The natural domain of definition of the Monge-Ampere operator on 
open sets in C n was recently characterized in [C2], [Bll], [B12]. 

We consider here the problem of defining Monge-Ampere operators on 
a compact Kahler manifold X of complex dimension n. Let PSH(X,uj) 
denote the set of w-plurisubharmonic (w-psh) functions on X. Here, and 
throughout the paper, u is a fixed Kahler form on X. Recall that an upper 
semicontinuous function tp 6 L (X) is called w-psh if the current uj v : = 
co + dd c ip is positive. Motivated by the results of [BT3] , [C2], [Bll], [B12], it 
is natural to define the domain of the Monge-Ampere operator as follows: 

Definition. Let DMA(X,u>) be the set of functions (p G PSH(X,u) for 
which there is a positive Radon measure MA(ip) with the following property: 
If {pj} is any sequence of bounded io-psh functions decreasing to <p then 
(u> + dd c (fj) n — > MA((p), in the weak sense of measures. We set 

lo™ = (lo + dd c ip) n :=MA(tp). 



According to this definition, DMA(X, uj) is the largest set of w-psh func- 
tions on which the Monge-Ampere operator (to + dd c -) n can be defined so 
that it is continuous with respect to decreasing sequences of bounded w-psh 
functions. It includes all the classes in which the operator was previously 
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defined, either as a consequence of the local theory, or genuinely in the com- 
pact setting (the class £ (X, u) from [GZ2]). The set DMA(X, uj) is a proper 
subset of PSH(X,uj) (see Examples 1.3 and 1.4). We show in Proposition 
1.1 that the operator is continuous under decreasing sequences in its domain. 
Moreover, if p G DMA(X, uj) then we prove in Proposition 1.2 that the set 
of points where <p has positive Lelong number is at most countable. 

There are several properties of DMA(X, uj) that we expect to hold. We 
discuss these in section 1.2, and we introduce a few subclasses of interest, 
especially the class DMA(X,uj) (Definition 1.7): a function tp G PSH(X,ui) 
belongs to this class if it is in DMA(X, uj) and moreover for any sequence of 
bounded w-psh function ipj decreasing towards (p, and for any "test function" 



This convergence property interpolates inbetween the two natures of the 
Monge-Ampere measure (uj + dd c (p) n : on one hand it is stronger than the 
weak convergence in the sense of positive Radon measures (any smooth test 
function is Cu;-psh for some constant C > 0), on the other hand it is weaker 
than the convergence in the sense of Borel measures. We show (Theorem 1.9) 
that a generalized comparison principle holds in DMA(X,uj), and that all 
concrete classes under consideration are subsets of this class (see Corollary 

2.3 and Theorem 3.2). 

In [GZ2] a class £(X,uj) C PSH(X,uj) was introduced, on which the 
Monge-Ampere operator is well defined and continuous along decreasing 
sequences, hence £(X,ui) C DMA(X,ui). Defining this class requires that 
one works globally on a compact manifold, hence many of its properties have 
no analogue in the local context (see [GZ2]). We study in Section 2 more 
general classes £(T, uj) of w-psh functions with finite energy with respect to a 
closed positive current T. These help us in studying twisted Monge-Ampere 
operators, which happen to be well defined in all of PSH(X,uj) (Theorems 

2.4 and 2.5). As a consequence, we show that any w-psh function with 
slightly attenuated singularities has finite energy (Corollary 2.6): 

Theorem. Let \ '■ ^ - * be a smooth convex increasing function, with 
X'(-1) < 1, x'(-oo) = 0. Fixp>£ PSH(X,uj) with sup x p < -1. Then 

X o p € £(X, uj) C DMA(X, uj), 

hence its Monge-Ampere measure does not charge pluripolar sets. 

Note that it is necessary to slightly attenuate the singularities of p (con- 
dition x'(— oo) = 0), since functions in £(X, uj) have zero Lelong numbers 
at all points (see Lemma 3.5). 

In Sections 3 and 4 we consider the set DMA[ oc (X,uj) on which the 
Monge-Ampere operator is defined as a consequence of the local theory 
([Bll], [B12]). We prove in Theorem 3.2 that this local domain can be char- 
acterized in terms of energy classes. Moreover, DMAi oc (X, uj) is a proper 
subset of DMA(X, uj) and consists of functions whose gradient is square in- 
tegrable (Proposition 4.2). In Proposition 4.6 we show that w-psh functions, 
bounded in a neighborhood of an ample divisor, belong to D M Ai oc (X , uj) . 



u G PSH(X,uj)nL 00 (X) 
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In Proposition 4.1 we prove that the measure \"{(p)dLp A d c ip A ui n ^ 1 has 
density in L 1 (X) for every ip G PSH(X,uj), where x is an Y convex increas- 
ing function. It is an interesting problem to study the stability of sub- 
classes in DMA(X, uj) under standard geometric constructions. We show 
that DMAi oc (X,uj) is not preserved by blowing up, but behaves well under 
blowing down. 

We conclude this paper by analyzing further the connection between 
DMA(X, ui) and various energy classes in some concrete cases of Kahler 
surfaces. The motivation comes from the fact that energy classes have im- 
portant properties, such as convexity and stability under taking maximum. 
Hence an equivalent description of DMA(X, uj) in terms of such energy 
classes would be very useful. Let £(uj, uj) be the class of w-psh functions on X 
such that the trace measure w^Aw does not charge the set {p = — oo}. Then 
both DMA[ oc (X,uj) and £(X, uj) are contained in £(uj,uj). We give some 
evidence that £(uj,uj) might be equal to DMA(X, uj) when dimcX = 2. 

Acknowledgement. D. Coman is grateful to the Laboratoire Emile Picard 
for the support and hospitality during his visits in Toulouse. 

1. General properties and examples 

1.1. Lelong numbers and other constraints. It is important to require 
in the definition that the convergence holds on any sequence of bounded ui- 
psh functions (see Example 1.3). This allows us to show that the operator 
is continuous under decreasing sequences in DMA(X,uj). We have in fact 
the following more general property. 

Proposition 1.1. Let ej > 0, ej — ► 0, and let p>j G DMA(X, (1 + ej)uj) be 
a decreasing sequence towards p G DMA(X,uj). Then 

((1 + €j)u + dd c pjj) n — > (uj + dd c ip) n 

in the weak sense of measures. 

Proof. We first assume that all €j = 0. Fix \ a test function and set, 
for an integer k > 0, ^ := max(<pj, —k) G PSH(X,uj) n L°°(X). Since 
(pj 6 DMA(X,uj), we can find an increasing sequence kj so that 

< 2~ j . 



((u+dd c <p k j j r, X )-((uj+dd c p j r,x) 



Thus ipj := max(ipj, —kj) is a sequence of bounded o;-psh functions decreas- 
ing towards ip, hence (u> T ^.,x) The desired convergence follows. 

In the general case, subtracting a constant we may assume that ip\ < 0. 
The sequence of measures ((1 + ej)uj + dd c (pj) n has bounded mass, so by 
passing to a subsequence we may assume that it converges weakly to a 
measure /x. By taking another subsequence we may assume that ej decreases 
to 0. Then p'- = Pj/(l + ej) G DMA(X, uj) is a decreasing sequence to 99, 
so uf\, — ► uf\. We conclude that \x = uf\. □ 

If (p G PSH(X,uj), let u(ip, x) be the Lelong number of p at x G X, and 
E e (<p) = {x G X/v{p>,x) > e] , E+(<p) = \J E £ {p). 

£>0 



4 



DAN COMAN, VINCENT GUEDJ, AND AHMED ZERIAHI 



Proposition 1.2. If p £ DMA(X,u) then wJJ({p}) > v n (p,p), for all 
p £ X. Moreover, the set E + (p) is at most countable and 

Proof. Observe that the measure cj™ has at most countably many atoms. 
We are going to show that if v(<p, x) > then uj™ has an atom at x. Let 
g = X l°g dist(-,x), where x > is a smooth cut off function such that x = 1 
in a neighborhood of x. Since ui is Kahler, d<i c <7 > near x, and g is smooth 
onI\ {x}, we can find Eq > such that £o5 £ PSH(X,u). Consider 

p j := max(^, e 5 - j) G PStf (X, w ) n L£ C (X \ {z}). 

Proposition 4.6 from Section 4 implies tpj G DMA(X, uj). Since is in the 
local domain of definition of the Monge- Ampere operator, we have by [D2] 

w^(M) > f n (Vj,a:) = (min(e ,i/(^,x))) n . 

Using Proposition 1.1, we infer that has a Dirac mass at x. 

By [Dl], there exist sequences £j,Sj \ 0, and ijjj G PSH(X, (1 + 
V'j \ V 3 ) sucn that Vj is smooth in X \ E £j (p) and sup xeX \ u(ipj,x) — 
u(p,x)\ — > 0. Using Siu's theorem [Siu] and the previous discussion, we 
conclude that E £j (p) is a finite set and 

(i+^)"/*u/>> e ^(^-^). ((iii>i^r(M)>^,?), 

where pel. We conclude by Proposition 1.1, letting j — > +oo. □ 

Proposition 1.2 provides examples of functions not in DMA(X,uj). 

Example 1.3. Let X = P 2 , uj be the Fubini-Study Kahler form, and ip £ 
PSH(P 2 ,uj) be so that u)^ = d _1 [C], where [C] is the current of integra- 
tion along an algebraic curve C of degree d > 1. By Proposition 1.2, p ^ 
DMA(P 2 ,uj) since E + (p) is not countable. Alternatively, we can construct 
two sequences of functions in DM A{¥ 2 ,ui) decreasing to p with constant 
Monge- Ampere measures that are different. Indeed, if L is a generic line, 
Pj := max(</5, ul~ j) £ PSH(P 2 ,lo), where uJ + dd c UL = [L], then pj is con- 
tinuous outside the finite set LnC, and tpj \ p. Hence pj £ DMA(P 2 ,uj) 
and 

(uj + dd c pf) 2 = ujp A [L] = - £ S P 

peLnc 

is independent of j . Here S p is the Dirac mass at p, and the first equal- 
ity follows easily since the currents involved have local potentials which are 
pluriharmonic away from their (—co)-locus. Using sequences p^,pj , for 
lines L ^ II , we conclude by Proposition 1.1 that p £ DMA(P 2 ,uj). 

The previous construction can be generalized to exhibit examples of func- 
tions p DMA(X,u>) with zero Lelong numbers at all but one point. 

Example 1.4. Assume p £ PSH(P 2 ,lo) is such that {p = — oo} is a closed 
proper subset ofP 2 , and the positive current u)^ is supported on {p = — oo}. 
We claim that p ^ DMA{¥ 2 ,ui). Indeed, let p ^ {p = — oo} and q\,qi be 
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distinct points in {p = — 00} . The lines = (pqk) intersect {ip = —00} in 
compact subsets of C C P 1 ~ Lk, hence both sequences 

p L . k ■= m&yL(p,u Lk - j) G DMA(P 2 ,uj), where uj + dd c u Lk = [L k ], 

decrease towards p. Now (uj + dd c pj k ) 2 = uj^ A [Lk] are distinct measures 
(independent of j), hence p ^ DMA(P 2 ,uj). 

A concrete function <p as in Example 1.4 is obtained as follows. Fix 0GP 2 
and a line L ~ P , a ^ L. Let 7r denote the projection from a onto L: this 
is a meromorphic map which is holomorphic in P 2 \ {a}. Fix v a probability 
measure on L with no atom, whose logarithmic potential is —00 exactly 
on the support of v (one can consider for instance the Evans potential of 
a compact polar Cantor set). Then ir*v = uj^, where p G PSH(F 2 , uj) 
satisfies our assumptions. Note that u(p,x) = 0, 1 / a, and v(ip,a) = 1. 
Further examples can be obtained by considering functions p such that uj v 
is a laminar current, whose transverse measure is an Evans measure. 

1.2. Special subclasses. There are several properties of DMA(X,u) that 
we expect to hold. We analyze here some of these and introduce interesting 
subclasses of DMA(X,u). 

1.2.1. Intermediate Monge-Ampere operators. It is natural to expect that 
if a function p G PSH(X,u) has a well defined Monge-Ampere measure 
(uj + dd c p) n , then the currents (uj+dd c pY are also well defined for 1 < £ < n. 
Unfortunately we are unable to prove this (except of course in dimension 2), 
hence the following: 

Definition 1.5. We let DMAi(X,uj), where 1 < £ < n, be the set of func- 
tions p e PSH(X,uj) for which there is a positive closed current MA £ (p) of 
bidegree (£,£) with the following property: If{pj} is any sequence of bounded 
oo-psh functions decreasing to p then lo^. — > MA l (p), in the weak sense of 
currents. We set = {oj + dd c p) e := MA e (p). We also set 

k 

DMA< k {X,uj) = P| DMA £ (X,uj). 
i=\ 

We let the reader check that Proposition 1.1 holds for p G Mi{(I,w) 
and 1 < £ < n. Clearly 

DMA< n (X, uj) C DMA n (X,u) = DMA(X,uj), 

with equality when n = 2 since p 1 — ► uj^ is well defined for all cj-psh 
functions. We expect the equality to hold also when n > 3. 

It is clear from the definition that p G DMA(X,lo) if and only if Xp £ 
DMA(X,Xlo), where A > 0. One would expect moreover that, if <p G 
DMA(X,uj), then G DMA(X, uj) for < A < 1, as the function A^ 
is slightly less singular than p. It is also natural to expect that the class 
DMA(X, uj) is stable under taking maximum: 



p G DMA(X,uj) and ip G PSH(X,uj) =U max((^, V) G DMA(X,uj). 
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If this property holds, then applying it to ip = \<p < 0, < A < 1, shows 
that Xip = max(<£>, \ip) G DMA(X,uj) as soon as ip G DMA(X, uj). An 
alternative and desirable property is 



when uj < uj'. All these properties are related to convexity properties of 
DMA(X,u). 

1.2.2. The non pluripolar part. It was observed in [GZ2] that if ip is w-psh 
and ifj := max(p, —j), then 



is an increasing sequence of positive Radon measures, of total mass uni- 
formly bounded above by J^-w". Thus {^j(ip)} converges to a positive 
Radon measure ix(<p) on A. It is generally expected (see [BT4] for similar 
considerations in the local context) that n(ip) should correspond to the non 
pluripolar part of (uj + dd c ip) n , whenever the latter makes sense. We can 
justify this expectation in two special cases: 

Proposition 1.6. Fix ip G DMA(X,uj). Then 

K<P) < i^-oo}^ + dd c ip) n , 
with equality ifexpip is continuous, or if is concentrated on {ip = — oo}. 

Proof. We can assume wlog that ip < 0. Set u s := max(<^/s+l, 0). Note that 
u s are bounded w-psh functions which increase towards l^ ip> _ oa y Moreover 
{u s > 0} = {p > —s} and u s = elsewhere. We infer, when j > s, that 

u s (oj + dd c ipj) n = u s l {ip> _ j} (uj + dd c ipj) n , 

where ipj = max(^, —j) are the canonical approximants. 

When e^ is continuous, then so is u s , hence passing to the limit yields 
u s (uj + dd c ip) n = u s fi(ip). Letting s — > +oo, we infer n(ip) = l^y^^^ip) = 
1{^>-oo}(^ + dd c p) n . 

In the general case, we only get u s n(ip) < u s (uj + dd c ip) n , since u s is upper- 
semi-continuous. This yields /i(ip) = lj^-oojMv 9 ) ^ !{<^>-oo}( a; + dd c ip) n , 
whence equality if (uj + dd c ip) n is concentrated on {ip = — oo}. □ 

To overcome this difficulty in the general case, we introduce interesting 
subclasses of DMA(X, uj): 

Definition 1.7. Fix I < £ < n. We let DMA e (X , uj) (resp. DMA< e (X,uj)) 
denote the set of functions ip E DM A^(X,uj) (resp. DMA<h(X,uj)) such 
that for any sequence ipj E PSH(X,uj) n L°°(X) decreasing to ip, 



for all u E PSH(X, uj) n L°°(X). 

Note that this convergence property is stronger than the usual conver- 
gence in the weak sense of Radon measures: any smooth test function is 
Cuj-psh for some constant C > 0. The following corollary can be proved 
exactly like Proposition 1.6. 



DMA(X, uj) = DMA(X, uj') n PSH(X, uj), 



J 



fij(ip) := l {ip> _ j} (uj + dd c ipj) 



n 
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Corollary 1.8. If (p G DMA(X,uj) then 

Kf) = 1{^>-oo}(^ + dd c (p) n . 
Moreover, if ipj = max(cp, —j) and B C {if > —00} is any Borel set then 

[ I™ / 

Jb j^+^Jbi 



3^+00 JBn{<p>-j} 



As a consequence, we obtain the following generalized comparison princi- 
ple: 

Theorem 1.9. Let ip, ip G PSH(X, uj) and set ip V -0 := max(<p, -0) . TTien 
Moreover if(p,ip£ DMA(X,uj) then 

[ <4<j 



1 {t£<ip} J {tp<ip}U{tp= — 00} 



Proof. Set = max(i^, — j) and ipj = max(^, — j). Recall from [BT4] that 
the desired equality is known for bounded psh functions, 

l{ w >^ + i}( w + ^Vi) n = 1{^->^+i}( w + dd c max(^,^+i)) n . 
Observe that {ip > ip} C {(pj > ipj + ±}, hence 

1 { ¥ p>^} " l{ ¥ ,>-j}(^ + ^Vj)™ = 1 { ¥ p>^} • + dd c max(ip,ip, -j)) n 

= !{¥»</>} • 1 {< P vip>-j}(u + dd c max(ip V 0, -j)) n . 

Note that the sequence of measures l{ ¥ , > _j}(o; + dd c <pj) n converges in the 
strong sense of Borel measures towards /x(</?) and the sequence l^vi/o-j} ( a; + 
dd c (ip V ■0, — j)) ra converges in the strong sense of Borel measures towards 
[i((p V ip). Hence, since {(p > ip} C {92 > —00} C {ipV ip > —00}, it follows 
from Corollary 1.8 that 

Now let ip, ip G DMA(X, uj) and assume first that is bounded. Then it 
follows from Corollary 1.8 that 

f (uj + dd c ip) n = [ (uj + dd c max(^,ip)) n . 
Since J x (uj + dd c max(^, <£>)) n = J* x (w + dd c (p) n it follows that 
/ (a;+dd c ^) Tl < / {uj+dd c p) n - [ (uj+dd c ^) n = [ (uj+dd c (p) n . 

If ip G DMA(X, uj) is not bounded, we apply the previous inequality to <p> 
and tpj := max(0, — j) for j G N. Then we get for any j G N 

/ {uj + dd c i)j) n < f (uj + dd c ip) n . 
J{ip<il>j} J{f<^j} 

Since {(p < tp} D {tp > —j} C {93 < Vj} f° r an Y i an d < ipj} is a 
decreasing sequence of Borel sets converging to the Borel set {ip < ip}, by 
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taking the limit in the previous inequalities and applying Corollary 1.8, we 
obtain 

f (oj + dd c iP) n < f (uj + dd c <p) n . 

Now take < e < 1 and apply the previous result with p + e and ip. Then 
let e — > to obtain the required inequality. □ 

Remark 1.10. Let ip £ PSH(X,lo) and q>j := max(<p, —j). It follows as 
in [GZ2] that fij(<p) = l{ v> -j}(uj + dd c tpjY is an increasing sequence of 
positive currents of mass at most J x (jJ n , so it converges in the strong sense 
to a positive current fi ■ (<p) on X. We leave it to the reader to check that 
Proposition 1.6, Corollary 1.8 and Theorem 1.9 have analogues in the classes 
DMAi(X,Lo). For instance, if <p € DMAi(X,uj) and e^ is continuous, 
or if <f G DMAi(X, uj), then fi e (p) = 1{ ¥ , > _ 00 }^. Moreover, if <p,ij) £ 
DMA e (X,u) then 



I 



' {tp<4>} J {ip<ij)}\J{ip=— 00} 

Remark 1.11. Observe that in dimension n = 1, 

PSH(X,uj) = DMA(X,uj) = DMA(X,uj). 

The latter equality follows easily by integrating by parts and using the mono- 
tone convergence theorem. We expect that the equality DMA(X, uj) = DMA(X, u) 
continues to hold in higher dimension. 

1.2.3. The class £(X,uj). We consider here 

£(X,u>) = !^<p e PSH(X,uj) / fi(<p)(X) = J uj 71 ^ . 

Equivalently, ip € £(X,uj) if and only if (uj + dd c tpj) n ({p < —j}) —> 0. This 
class of functions was studied in [GZ2], where it was shown that 

(i) £(X,uj) C DMA(X,uj); 

(ii) £(X,lu) is convex and stable under maximum; 

(Hi) £(X,uj) is the largest subclass of DMA(X, uj) on which the compar- 
ison principle holds. 

The rough idea is that a w-psh function ip should belong to £(X,uj) iff 
it belongs to DMA(X, uj) and its Monge- Ampere measure does not charge 
pluripolar sets. This is partly justified by the following result: 

Proposition 1.12. A function <p belongs to £(X,u) if and only if it belongs 
to DMA(X, uj) and (uj + dd c p>) n does not charge pluripolar sets. 

Proof. The inclusion £(X,uj) C DMA(X,uj) will follow from Theorem 2.1 

below. Assume conversely that ip G DMA(X,uj) is such that (uj + dd c p) n 
does not charge pluripolar sets. Then 

H(cp) = l {v> _ oo} (w + dd c p) n = (uj + dd c p) n 

has full mass, hence tp G £(X,uj). □ 
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Remark 1.13. The previous characterization of £(X,ui) is related to the 
question of uniqueness of solutions to the equation (uj + dd c -) n = /j,. Indeed 
assume p G DMA(X,uj) is such that [i := (uj + dd c (p) n does not charge 
pluripolar sets. It was shown in [GZ2] that there exists ip G £(X,ui) so that 
fi = (uj+dd c ip) n . It is expected that the solution ip is unique up to an additive 
constant. If such is the case, then p = ip + constant belongs to £(X,ui). 

2. Finite energy classes 

In this section we establish further properties of the class £(X, uj) and we 
consider energy classes with respect to a fixed current T. 

2.1. Weighted energies. Let T be a positive closed current of bidimension 
(m, m) on X. In the sequel T will be of the form T = (uj + dd c u m j r \) A • • • A 
(uj + dd c u n ), where Uj G PSH(X,u) n L°°(X). Let X ■ R R be a convex 
increasing function such that x(~ 00 ) = — oo. Following [GZ2] we consider 

£ x (T,uj) := L> G PSH(X,u) j supj^(-x) o tpj u)™. A T < +oo 

where ipj := max(</?, — j) denote the canonical approximants of (p. We let 
the reader check that [GZ2] can be adapted line by line, showing that the 
Monge- Ampere measure (uj + dd c p) m A T is well defined for p G £ x (T,uj) 
and that x ° V € L\(lo + dd c p) m A T). 

When m = n, i.e. T = [X] is the current of integration along X, then 
the classes £ x (T,u) = £ x (X,uj) yield the following alternative description of 
£(X,uj) (see [GZ2, Proposition 2.2]): 

£(X,uj)= [j £ x (X,uj), £ x (X,u):={pe£(X,uj): xopeL 1 ^)}, 

xew- 

where W = {x ■ R — ► R / X convex, increasing, %(— oo) = — oo}. We set 

£(T,uj):= U £*(?>). 

x ew- 

Theorem 2.1. Fix % G W _ . Let </?j be a sequence of uj-psh functions 
decreasing towards p G £ x (T,uj). Then <pj G £ x (X,uj) and 

! (— x) ° <Pj ( u + dd°pj) m A T — ► / (-x) o p (w + ddV) m A T. 

Moreover for any u G PSH(X, uj) n 

/ + dd c pj) m A T — ► / u(w + dd c p) m A T. 
ix ix 

Proof. When </?j is the canonical sequence of approximants, the theorem 
follows by a similar argument as in [GZ2, Theorem 2.6]. Moreover, it also 
follows from [GZ2, Theorem 2.6] that the first convergence in the statement 
holds for an arbitrary decreasing sequence, if there exists a weight function 
X such that X = °(x) an d f £ ^xC^^)- ^ turns out that such a weight 
always exists. Indeed, since X (<P) £ ^(uj™ A T), it follows from standard 
measure theory arguments that there exists a convex increasing function 
h : R + -► M + such that lim t ^ +00 fe(t)// = +oo and h(- X (p)) G L 1 ^™ AT). 
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Note that we can assume that h has polynomial growth, which implies that 
LP £ £x{T,uj), where \ := -h(- X ) £ ruW^ (see [GZ2] for the definition 
of this latter class). 

We now prove the second assertion. Set ipj := m&x.(ipj,—k) and p> k := 
max((p,—k). Then 

[ ulu™AT-ulv™ AT = I ulu™AT-[ n^AT 
J X J X J X J 



+ f u u™k AT — f uu^ AT. 
J X J X 



It suffices to prove that j x ulo™. AT—j x utu™ k AT converges to as k — > +00 
uniformly in j. This is a consequence of the following estimate, 

L u < at ~L A r l K - *w Jj-^< a t - 

The latter integral is uniformly bounded since ip £ £ x {T,uj). □ 
Let £ l (uj n - p ,oj) denote the class S x (T,u) for T = uj n ~ v and x(t) = t. 

Corollary 2.2. Let 1 < p < n — 1 and let {tpj} be a decreasing se- 
quence of u!-psh functions converging to ip £ £ l (uj n ~ p , u) . Then for any 
u £ PSH(X, u)r\L°° (X) we have 



lim f uujP +1 A^-P' 1 = f uujP +1 Alo 

j^+ooj x J x 



n—p—1 



In particular, £ l (u n - p ,u) C DMA p+l {X,u). 

Proof. For simplicity, we consider the case p = n — 1. The general case 
follows along the same lines. We want to prove that if ipj \ ip £ <S 1 (u;,aj) 
then for any u £ PSH(X, uj) n L°°(X) we have 



j x 

Observe that since — > uj™ in the weak sense of Radon measures on X, 
the above equality holds when u is continuous on X. 
We claim that for any ip £ £ l {u,u), we have 

(1) I {-u)u%= I {-u)toAu n f 1 + I HKA^ 1 ! I V^Au,;- 1 . 
J X J X J X J X 

Observe that this identity is just integration by parts which clearly holds 
when u is a smooth test function on X. The identity also holds when 
u,ip £ PSH(X,Lj)nL 00 (X) (see [GZ2]). 

Fix u a bounded w-psh function and set ipj := max{^, — j} for j £ N. 
Applying (1) to u and ipj, it follows immediately that £ 1 (lu u ,lo) = £ 1 {uj,uj). 
Hence the corollary follows at once from Theorem 2.1, as soon as (1) is 
established for ip £ S 1 ^,^). 
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To prove (1) we can assume that u < 0. Note that u;^;. — > uj^ weakly. 
Using the upper semicontinuity of u and applying (1) to u and ipj, it follows 
from Theorem 2.1 that 

(2) / (-u)u^ < liminf I (-u)u^ = 

JX j->+oo J x ^3 

»/ J X J X 

Next let Uj \ubea sequence of smooth w-psh functions (see [BK]). Note 
that UjUJ 1 ^ 1 — > uc<^; _1 in the weak sense of currents, hence u Uj A — > 
w u A w^ -1 weakly in the sense of measure. Applying (1) to tij and it 
follows by monotone convergence and the upper semicontinuity of ip that 

(3) / = 

i/ X J X J X 

The identity (1) now follows from the inequalities (2) and (3). □ 
Corollary 2.3. S(X,u) C DMA< n (X,uj). 

Proof. Fix if e S(X,oj). Then there exists % G W~ such that ip G £ x (X,cj). 
Recall now that for any 1 < p < n — 1, 

£ x (X,u)c£ x (lo p ,lo), 

as follows from simple integration by parts (see [GZ2]). We can thus apply 
Theorem 2.1 several times to conclude. □ 

2.2. Twisted Monge- Ampere operators. We show here that certain 
Monge- Ampere operators with weights are always well defined. 

Theorem 2.4. Let rj : R — > M + 6e a continuous function with ry(— oo) = 
and 1 < £ < n. Let ip £ PSH(X,uj) and {ipj} be any sequence of bounded 
uj-psh functions decreasing to ip. Then the twisted Monge-Ampere currents 

M*(<pj) :=rjo ipj(uj + dd c ipj) e 

converge weakly towards a positive current M*(ip), which is independent of 
the sequence {ipj}. The twisted Monge-Ampere operator is well defined 
on PSH(X,uj) and is continuous along any decreasing sequences of uj-psh 
functions. If ip 6 D M Ai(X , uj) then 

M^(ip) = j] o ip (uj + dd c ip) e . 

Proof. It is a standard fact that the operator M%(<p) = rj o ip(u> + dd c tp) e is 
well defined and continuous under decreasing sequences in the subclass of 
bounded w-psh functions [BT3] . 

As it was observed in Remark 1.10, the sequence 

k i — ► l{<p>- fc} (uj + dd c max(<^, —k)) e 
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is an increasing sequence of positive currents of total mass bounded by 
f x u> n . Hence this sequence converges in a strong sense to a positive current 
//(</?) which puts no mass on pluripolar sets and satisfies (see [GZ2, Theorem 
1.3]) 

(4) l {(p> _ k} (uj + dd c max(ip,-k)) e = l {(p> _ k} n e (ip). 

Since n o ip is a bounded positive Borel function on X, we can define a 
positive current on X 

Note that when <p is bounded then f/(ip) = uf. hence M^(ip) = rj(ip) u£. 

To prove the continuity of this operator, let ipj be any sequence of w-psh 
functions decreasing to tp, and set ip k := max((/?j, — k), (p k := max(y?, — k) 
for j, k e N. 

Since the forms of type (n — £,n — £) on X have a basis consisting of forms 
h*&, where h are smooth functions and are positive closed forms, it suffices 
to prove that rj((fj) ji (fj) A ^ — ► n(ip) //(</?) A \£ weakly as measures on X. 
For simplicity, we may assume that ^ = oj n ~ £ . Then 



M(<^-) I 1 vPj) A w - y MM I 1 vP) A ^ n 
= | h^^Au^-J hr,(<p k )^(<p k ) Au;^ 



+ 



y hr](ip k ) n e ((p k ) Au n ~ e - J hrj{<p) /j, e (ip) A u n ~ 



We claim that the first term in the sum tends to uniformly in j as k — ► +oo. 
Indeed, we have by (4) 



< I |/ i |r ? (^V(^)Ao/^+ / H^J)^( V J)A W 

J{ipj<—k} J {ipj<—k} 

< 2fK-fc)||/i|| 00 / u/\ 

where fj(—k) := sup{r/(s) : s < —k] — > as fc — > +oo. In the same way we 
see that the last term tends to as k — > +oo. Now for fixed A;, it follows from 
the uniformly bounded case that the second term tends to as j — > +oo. 
The desired continuity result follows. □ 

Theorem 2.5. Let 77 : 1R — > 1R + &e an increasing function of class C 1 and 
< I < n — 1. Let (/? G PSH(X,lo) and {(fj} be any sequence of bounded 
uj-psh functions decreasing to if. Then the currents 

S e ri (ifj) := rf o ipj d(p A d c cpj A (u + dd c cpj) n ~ e ~ 1 

converge weakly towards a positive current Sf.((p) which is independent of 
the sequence {</?•/}. The operator is well defined on PSH(X,u) and is 
continuous along any decreasing sequences of oj-psh functions. 
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Proof. By subtracting a constant, we may assume that rj(— oo) = 0. Fix £ 
and (p G PSH(X,uj). We can assume that ip < and 77(0) = 1. 

Observe that if 9 : R — ► K. is any C 1 function with < # < 1 then for 
any u £ PSH(X,uj) n L°°(A) and any positive closed current if! on X of 
bidimension (1,1), we have 

d(9{u)d c u A R) = 6'{u)du Ad c uAR + 9(u)uj u A R — 9(u)uj A R. 

Using Stokes' formula and the fact that < 9{u) < 1, we get the following 
uniform bound 

(5) / 9'{u) du A d c u A R < / u A R. 

Jx Jx 

Assume that 92 < and set ip k := max(^, —k) for k > 0. We want to 
prove that the sequence of positive currents 

lW>-k}V'(<P k ) d<p k A d c ip k A u^' 1 

converges to a positive current of bidimension (£, £) which will be denoted by 
S~, ((f) . It follows from the quasi-continuity of bounded psh functions [BT4] 
that for j > k > 0, 



k A uj\ e ~ 



-e-i 



This implies that 



l{,>-^'(/)VAdV fc A W "- 



e-i 



is an increasing sequence of positive currents of bidimension (£,£), with 
uniformly bounded mass < f x ^ n by (5). Therefore it converges in a strong 
sense to a positive current S^((p) on X which satisfies the following equation 



(6) 



l{<p>-k}Si(<p) = l W> - k} v'(<p k )d<p k A d c <p k A u n T 



Observe that if ip is bounded then S*(tp) 



rf(ip)dtp A d c <p A uj™ 1 1 . 



Now we want to prove that for any decreasing sequence {<Pj} which con- 
verges to (p, the currents S^(tpj) converge to the current S^((p) in the sense of 
currents on X. As before it is enough to prove that the sequence of positive 
measures S^((fj) A uj 1 converges weakly to the positive measure S^(tp) A u l 
on X. Let h be a continuous function on X. Proceeding as in the proof of 
the previous theorem, it suffices to show that 



J hS^AJ- J hrf(^)d^ 



.k a ac.Jz a , ,n—£—l a , A 
A a ipj A u) ^ A to 







as k 



-> 00, uniformly in j, where (p k = m&x((pj, —k). Indeed, if 9 = ^Arj then 
77' = 2y/fj9 f , so it follows at once from the definition of Sf. that S^(tpj) = 
2^r](ipj)Sg(ipj). Since r/(<^) < 2^r)(-k)9'(ipj) on the set {ifj < -k}, we 
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have by (6) that 

<2^k) ! \h\ Sg(ifj) A u/ 

J{<Pi<-k} 

+2yf^k) f \h\ #{$)dtp) A d c <p* A u n 7 l ~ l A J 

J{<Pj<-k} J fj 

< 4^7F^)||^||oo / oj n , 
Jx 

which tends to as k — ► +oo uniformly in j. □ 

2.3. Attenuation of singularities. The goal of this section is to show 
that a very small attenuation of singularities transforms a function p G 
PSH(X,lo) into a function % o <p £ £(X,lo). In particular most func- 
tions in the class £(X, u) do not belong to the local domain of definition 
D M Ai oc (X , uj) , which we consider in Section 3. 

Let x '■ be a convex increasing function of class C 2 and such 

that %(— oo) = — oo, x'(— oo) = and %'(— 1) < 1. Define for x < — 1 

= (x'(x)Y(l - X '(x)) n ' e , e e (x) = [ X t n -<-\l - tfdt. 

Jo 

Corollary 2.6. If tp G PSH(X,uj), p < -1, then X°<P ^ £(X,u) and 

(7) a,^, = £ < („) A w ^ + n £ ; ') Sf 4 (?) A u/, 

where MA^ e and S^ e are the operators defined in Theorems 2.4 and 2.5. 

Proof. Note first that if p is bounded then 

(u + dd c X op) n = [(l- x '(^))u, + x '(<p)u V ] n + 

n X "(p) dp> A d c p> A [(1 - x'MV + x'(<P) ^v]™" 1 > 

which equals the measure from (7). In the general case, let p s = max(<p, s), 
s < 0. As s — > — oo we have, by the proofs of Theorems 2.4 and 2.5, that 

(e[{p s ) dip 8 A d c p s A wj;.-*- 1 A c/) ({p < s}) 0, 

Since max(x(¥>), — j) = X^Oj where Sj = x l {~j) ~^ ~ 00 as J — * we 
conclude by formula (7) applied to p Sj that 

(u, + dd c max( X (^), -j)) n ({xM < -j}) - 0, 

so x ° ^ £(X,lu). Moreover, using the continuity of the operators in 
Theorems 2.4 and 2.5, it follows that (7) holds for p. □ 

Examples 2.7. 

1) For X (t) = ~(-t) p , Corollary 2.6 shows that -(-p) p G £(X,u) C 
DMA(X, uj) for all p < 1, although it usually does not have gradient in 
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L 2 (X) when p > 1/2. Functions with less attenuated singularities can be 
obtained by considering for instance x(t) = £/log(M — t). 

2) Recall from Example 1.4 that there are functions <p ^ DMA(X, cj) 
such that the current uj^ has support in {if = -co}. The smoothing effect 
of the composition with x *s quite striking: indeed, by Corollary 2.6 and 
Proposition 4-1, 

(u, + dd c X o <p) n = [1 - x!(<p)] n u n + n[l - x'(v?)f~ Y» dtp A d c <p A u n ~ l 
is a measure with density in L l (X,uj n ). 

3. The local vs. global domains of definition 

Cegrell found in [C2] the largest class of psh functions on a bounded hy- 
perconvex domain on which the Monge- Ampere operator is well defined, sta- 
ble under maximum and continuous under decreasing limits. Later, Blocki 
gave in [B12] a complete characterization of the domain of definition of the 
Monge- Ampere operator on any open set in C n , n > 2. For an open subset 
U C C n , the domain of definition T>(U) C PSH(U) of the Monge-Ampere 
operator on U is given by (n — 1) local boundedness conditions on weighted 
gradients [B12]. In particular, for n = 2, V(U) = PSH(U)DW^(U), where 
W{£{U) is the Sobolev space of functions in Lf 0C (U) with locally square 
integrable gradient [Bll]. 

We describe here the class of w-psh functions on X which locally belong 
to the domain of definition of the Monge-Ampere operator. As we shall see, 
it is smaller than the global domain DMA(X,ui). 

Definition 3.1. Let DM Ai oc (X,uj) be the set of functions ip G PSH(X,u) 
such that locally, on any small open coordinate chart U C X, the psh func- 
tion (p\u + pu £ V(U), where pjj is a psh potential of uj on U. 

The goal of this section is to establish the following: 

Theorem 3.2. We have 

DMA loc (X,co)= P| £ p (lu p ,u;). 

l<p<n-l 

Moreover 

DMAi oc (X,uj) C £ 1 {uj,uj) C DMA< n (X,uj). 

Here £ p (uj p ,uj) denotes the class S x (T,u) for T = oj p and x(t) = -(-t) p . 

Proof. We first show that DMAi oc (X,lu) = Di< P <„-i «? p (^ p , w). By [B12], 
a w-psh function ip G DMAi oc (X,uj) if and only if 

(8) sup I (-(pjY^dipj A d c ipj A uj'^- 1 Au> p < +oo, 1 < p < n - 1, 

where {p>j} is any sequence of bounded w-psh functions decreasing to <p on 
X. For our first claim we need to prove that (8) is equivalent to the following 

(9) sup [ (-(pj) p uj"- p A uj p < +oo, 1 < p < n - 1, 

3 JX 3 
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This follows by integration by parts. Indeed for tp £ PSH(X,uj) n L°°(X), 
ip < and 1 < p < n — 1, we have 



+ P / Hr'^Ad^AwJ 
By iterating the above formula we get 

ra-p-1 

+ p E / hf^a^a^ 



rt— p— 1 

n-p-k-1 ^ ^P+k 



k=0 



A w < +oo 



This yields (8) (9), so DMA 1oc (X,uj) = f)i< P < n -i <? p (^»- 

By Corollary 2.2 we have £ 1 {uj p ,uj) C M4- p+ i(I,w), for any 1 < p < 
n — 1. Therefore the class 

:= j<^e PSH(X, oj)/ sup y I^Kw + ddVi)™" 1 

is contained in DMA< n (X, oj) (here tpj := max(p, — j) denote as usually the 
canonical approximants) , since 

s\u,w) = P| 

l<p<n-l 

This equality also shows that DMAi oc (X,lo) C ^(uj^oj). 

□ 

Remark 3.3. A class similar to £ 1 {oj,u) has been very recently considered 
by Y. Xing in [X] . 

Note that in dimension n = 2, the class £ 1 (oj,oj) = DMi| oc (I,w) is 
simply the set of w-psh function whose gradient is in L 2 (X). However when 
n > 3, the class £ 1 (uj,oj) is strictly larger than D M Ai oc (X , oj) , as the fol- 
lowing example shows: 

Example 3.4. Observe that £ 1 (X,oj) C ^{oj^oj). We are going to exhibit 
an example of a function ip such that ip G £ 1 {X, oj), but ip ^ L?(oj^ A oj n ~ x ). 
This will show that ip ^ DMAi oc (X,oj) when n>3. 

Assume X = p™- 1 x P 1 and oj(x,y) := a(x) + (3(y), where a is the 
Fubini-Study form on P™ -1 and (3 is the Fubini-Study form on P 1 . Fix 
u £ PSH{¥ n ~ 1 ,a) nC°°(P n - 1 ) and v £ £(F 1 ,(3). The function ip defined 
by ip(x,y) := u(x) + v(y) for (x,y) £ X belongs to £(X,oj). Moreover 
= a u + (3 V and for any 1 < I < n, we have 

(j/ v = a e u + la 1 ' 1 A (3 V . 

Therefore 

p £ LP(wJ) ■<==>■ v £ D>{(3 V ) <=^ ip £ W(<J V A oj n ~ l ). 

Thus choosing v £ L (oj v )\L 2 (oj v ), we obtain an example of a oj -psh function 
ip such that ip £ £ 1 (X,uj) C ^{oj^oj) but ip ^ DMAi oc (X,uj). 
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We finally observe that there are functions in DMA[ oc (X,lo) which do 
not belong to the class £(X,ui), since the latter cannot have positive Lelong 
numbers. 

Lemma 3.5. Let ip G PSH(X,lu) be such that p > clog dist(- , p) , for some 
c > and p G X. Then p G DMAi oc (X, uj), and 

<p G £(X, uj) if and only if v(ip,p) = 0. 

Proof. If q p G PSH(X,uj) is a function comparable to clog dist(-,p), then 
by Proposition 4.6, ip, g p G DM A\ oc (X, u). We can assume without loss of 
generality that g p < p < 0. Note that the positive Radon measure w^Aw^" 1 
is well defined on X and has a Dirac mass at p if and only if v(p,p) > 
(see [D2]). 

It follows from the proof of Proposition 1.2 that if is(p,p) > 0, then uj™ 
has a Dirac mass at p, hence ip G' £ (X, ui). If v((p,p) = 0, then we can find 
a convex increasing function \ '■ ~^ such that \{~ °°) = ~°° an d 
J x (— x) °gj)^A k-'e" 1 < +oo. Using Stokes theorem (in the spirit of the 
fundamental inequality in [GZ2]), it follows that 

J (-X) ° <P"v < ^ J (-X) ° Q P w<p A ^ < +oo, 
hence 9? G £ x (X,ui) C £(JT,a>). □ 

4. SOBOLEV CLASSES 

4.1. Weighted gradients. Let % : R — > R be a convex increasing function 
of class C 2 . If ip G PSH(X,ui) is smooth then 

(10) u; + dii c x o p = x" ° p dp A d c p + x' o ipu^ + (1 — %' o <^)o;. 

So if %'(— 1) < 1 and < —1, then x°P G PSH(X,u). It is well-known that 
(w-)psh functions have gradient in L 2 ~ c £ for all e > [Ho], but in general 
not in L 2 oc . The previous computation indicates that a weighted version of 
the gradient is in L 2 {X). 

We denote by W l ' 2 {X,u>) the set of functions p G PSH(X,uj) whose 
gradient is square integrable. Since to is Kahler, we can in fact define, for 
p G PSH(X,lo), the function \V<p\ = \ Vip\u a.e. on X by 

\Vp\ 2 := dp A d c p A cu n ' 1 /uj n . 

Note that y> G W^ 2 (X,cu) if and only if \Vp\ G L 2 (X,cu n ). 

Proposition 4.1. Let x : K -> R a convex increasing function of class 
C 2 . Then for every p G PSH(X,uj), 

[ x"op\Vp\ 2 u n <snp X '^) [ u n . 
Jx x Jx 

In particular, if <p < — 1 and < p < 1/2, £/ien —(—ip) p G H /1 ' 2 (X, 

Proof. Let M = sup^ x^V 9 ) an d pi '■= max(<^, — j) for j G N. It follows from 
(10) that 

/ X " ° ^ |V^'| 2 w n = [ x"° ^ dp j A dV A lo" 1 - 1 <M I uo n . 
Jx Jx Jx 
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This shows that the sequence fj := x"{^) IV^] 2 is bounded in ^(X, uj n ). 
Since ipj \ ip, we use [Ho, Theorem 4.1.8] to conclude, after taking a subse- 
quence, that fj — ► x"(<p) \^ l f\ 2 a - e - on X- The inequality in the statement 
now follows from Fatou's lemma. 

For our second claim, set ip a := — (— ip) a , < a < 1. Applying (10) with 
x (t) = -{-t) a yields (p a G PSH(X,u) and 

/ {—Lp) a ~ 2 dLp A d c </? A o; n_1 < — — ^ — - / w n . 
Jx a(l-a) y x 

If p = a/2 then aV P A cf^p = p 2 (-(p) 2p ~ 2 d(p A d c y>, hence 



□ 



Note that using = i/ log(M— t), for M large enough, one can improve 
the previous weighted L 2 -bound to 

I (-^[logiM - ip)]- 2 \Vip\ 2 u n < +oo. 
ii 

Observe also that this cannot be improved much farther: in the case when 
uj^ is the current of integration along a hypersurface, — (— f) 1 ^ 2 does not 
have square integrable gradient. 

Next, we show that functions from the class DMAi oc (X, co) satisfy stronger 
weighted gradient boundedness conditions. 

Proposition 4.2. If if G DMAi oc (X,u), p < -1, then 

{—(p) n ~ 2 d(p A d c p> A a;™" 1 < — ^— / (-y.)"" 1 ^ A w"" 1 . 
In particular, D M A loc (X , lu) C W 1,2 (X,w). 

Proof. If </?j := max((/?, — j), j G N, then integrating by parts we get 

(n-1) / (—<pj) n ~ 2 d(fj A d°<£>j A a;" -1 < / (-^^''w^ Aw"" 1 . 

Jx 

The sequence of functions fj := (— <^j)" _2 |V<^j| 2 is thus uniformly bounded 
in ^(X, oj n ). Since ipj \ </?, the conclusion follows as in the previous proof 
by [Ho, Theorem 4.1.8] and by Fatou's lemma. □ 

4.2. Blowing up and down. We saw in Section 2 that there are many 
functions pi G DMA(X,uj) whose gradient does not belong to L 2 (X). This 
condition, although the best possible in the local two-dimensional theory, is 
thus not the right one from the global point of view. We show here that this 
condition does not behave well under a birational change of coordinates. 
For simplicity, and without loss of generality, we restrict ourselves to the 
two-dimensional local setting. 

Let 7r : Y — > B be the blow up at the origin of a ball B C C 2 , and let E 
be the exceptional divisor. 

Lemma 4.3. // 5 > then vr* (l 2 + & {B)} C L}jy), but vr* (L 2 oc (B)) £ 

tun 
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Proof. Let z = (x, y) G B, and fix a coordinate chart in Y given by (s, t) — ► 
(s,si, [1 : t]) G Y. Then ir(s,t) = (x,y), x = s, y = st. For fixed positive 
constants M and a, let 



A = {(a,t) : |s| < a, \t\ < M} , K = vr(A) = {(x,y) : |x| < a, |y| < M|x|}. 

Let / G tf+ 5 (B), and / = tt*/, so J(s,t) = f{s,st). Note that the 
function z — > | a: | 2 is in L 2 ~ e (K) for every e > 0. We take 7 = 5/(1 + 5) 
and apply Holder's inequality with conjugate exponents 2 + 5 and 2 — 7: 



| f | / /• \ 1/(2+5) / , 1 \ 1/(2-7) 



[ \f\ = I f^<( I \f\ , . 



J 



Hence / G ^ oc (y). The function /(z) = 1/(|M| 2 log ||z||) is in Lf oc (B), but 
\f(s,t)\ > C7|s|- 2 (|log|s|| + I)" 1 on A, for some C > 0. So/gL^A). □ 

In dimension n, a similar proof shows that vr* (l|£*(.B)) C ^ oc ( y )- 

Example 4.4. vr* (VsF n 1U/ ' C 4 (£)) £ Indeed, let 

u a (z) = -(-\og\\z\\) a , 0<a<l. 

One checks easily that u a G IU 1,4 (-B) if a < 3/4. Let 5 a = ir*u a - With the 
notation from the proof of Lemma 4-3, we have for \s\ small 



u a (s,t) = - (-log|s| — log V 1 + l*l 2 ) , 



(s,t) 



ds 



C 

> 



|s|(-log|s|) 



1-a 



for some constant C > 0. So u a G" W^(A) if a > 1/2. Note that if 
u G PSH n Wfo£ +S (B), 5 > 0, then, by the Sobolev embedding theorem, u is 
continuous and so is tt*u. Hence ir*u G W^(Y) (see [Bll]j. 

The previous example shows that the condition Vip G L 2 (X) does not 
behave well under blow-up. We show it behaves well under blowing down. 

Proposition 4.5. Let T be a positive closed current of bidegree (1,1) on 
B, and let R = tt*T — u[E], where v = v(T, 0). If R has psh potentials in 
W^ c (Y), then T has psh potentials in Wj ' (B). 

Recall that any positive closed (1, l)-current in the blow up of B at the 
origin writes R = ir*T — v[E] + X[E], where T is a positive closed current in 
B, v = v(T,0) is the Lelong number of T at the origin, and A > 0. Clearly 

1 2 

R cannot have potentials in W io ' c if A > 0. 

Proof. Let u be a psh potential of T on B. We only have to check that 
the gradient of u is L 2 -integrable in a neighborhood of the origin. Using the 
notation from the proof of Lemma 4.3, a psh potential for R on A is v(s, t) = 
u(s,st) — 1^ log I s I . Hence on K we have u(x,y) = v(x,y/x) + z/log|cc|. 
Therefore for almost all (x,y) G K 

du . . dv , . . y dv , . . v du , . 1 dv . . . 

= ^(x,y/x) - ^ ^(*,v/*) + - , ^(s,t) = - ^{x,y/x). 
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Now 



J K m 4 



L 



K 



X 



dv 
dt 



(x,y/x) 



dv 
dt 



dv , 



(»,<) 



Since the function (x,y) — > 1/x is in L 2 (K), we conclude that the partial 
derivatives of u belong to L 2 (K). A similar argument shows that the partial 
derivatives of u are in L 2 (K'), where K' = {(x,y) : \y\ < a, \x\ < M\y\}. □ 

4.3. Compact singularities. We give here an important class of functions 
in DMAi oc (X, uj). Let D be a divisor on X and set 

L%(X,u) ={<pe PSH(X,u)/ip is bounded near D}. 

Thus the singularities of p G Lp(X,uj) are constrained to a compact subset 
of X \ D. When D = H is a hyper plane of the complex projective space 
X = P n , the set L^(X,uj) is in one-to-one correspondence with the Lelong 
class C + (C n ) of psh functions u in C n such that u(z) — log||z|| is bounded 
near infinity. So these are the u>psh analogues of the psh functions with 
compact singularities introduced by Sibony in [Sib] (see also [D2]). 

Proposition 4.6. If D is an ample divisor then Lq(X,uj) C DMAi oc (X,uj). 

Proof. Fix if G L c ^(X,uj) and let V be a small neighborhood of D, so that 
p is bounded in V. We can assume that p < and f x uj n = 1. 

Let u/ be a smooth semi-positive closed (1,1) form in the cohomology 
class of D, such that uj' = in X \ V. Since D is ample, uj' is cohomologous 
to a Kahler form wo- For simplicity, we assume ujq = uj (otherwise we bound 
uj < Cujq in all arguments below). Hence uj = uj' + dd°x, where x is a smooth 
function on X, chosen to be either negative or positive, as we like. 

We assume here x > 0, and we first observe that p G L 1 (w ¥ , A a/' -1 ): 



(-p)uj Lp A 



< 



x = / (-(^^Aw'Aw" 2 + / (—93)^ A dd°x A w 

/ ^Aw'Aw^l / x^V A {-dd c tp) Auj n ~ 
Jx Jx 



L°°(V) 



< II^IIl<»(v) + IIxIIl-(x) < +00, 

since —dd c p < uj, x^tp > and J x uj v A uj' A w n ~ 2 = J 



It follows that the positive current uj 2 := uj^ AuJ + dd c (puj, 



We can thus show by a similar argument that p G L^iuj 2 ^ A w 



1. 

is well defined. 
2 ), so that 



uj 



3 is also well defined, and so on. At last, we show that p G L 1 (uj 



-1 



We now prove that p 2 G L x {yf^ 2 A uj 2 ) 
Observe that —dd c (p 2 - 



v 



A uj) 



2 Auj 2 < 



2dp A d c ip — 2pdd c p < 2(— (p)uJ v , 
2 A uj' A uj + 2\\x\\d 



We assume here that x < 0- 
therefore 



'(X) 



-p)uj^ 1 Auj. 

IX Jx Jx 

The integrals are finite because uj' has support in V, where p is bounded, and 
because <p G L 1 (uj™^ 1 A uj) . Thus p 2 G L^w^Aw 2 ). Similar integration by 
parts allows us to show that p 3 G L 1 (uj™~ 3 Auj 3 ) , by using (p 2 G L 1 (w^ 2 Aw 2 ). 
Continuing like this, we see that p G DMAi oc (X, uj). □ 
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Proposition 4.6 shows that PSH(X, u) D L%.(X \ {p}) C DMA ioc (X, uj). 
Indeed, if X is projective, one can find for each p G X a divisor D $ p. In 
the general case, it follows from the proof that one only needs to construct 
a smooth semi-positive form uj' cohomologous to a Kahler form, and such 
that uJ = near p. This can be achieved on any Kahler manifold. 



5. Concluding remarks 

In this section we restrict our attention to the two-dimensional case. In 
the local setting of an open subset U C C 2 , a psh function u on U belongs 
to the domain of definition T>(U) if and only if the gradient of u is locally 
square integrable iW 1 ' 2 ) on U [Bll]. Such characterization allows to prove 
important properties of T>(U), such as convexity and stability under taking 
the maximum of elements of T>(U) with arbitrary psh functions (see [Bll]). 

Let X be a compact Kahler surface and uj be a Kahler form on X. In 
order to prove further properties of DMA(X, uj) it would be useful to obtain 
equivalent characterizations for this domain. We present here the connection 
in certain cases between DMA(X, uj) and certain energy classes. 

5.1. Direct sums. Let I = F 1 x P 1 and u = u)\ + uj2, where uji = tt*u>' is 
the pull-back of the Fubini-Study form uj' of P 1 by the projection onto the 
i th factor, i = 1, 2. 

Proposition 5.1. Let tp G PSH(X,uj) be of the form 

tp(x, y) = u(x) + v(y), where u, v G PSH (P 1 , uj'). 

Then 

(i) ip G £ 1 (uj,uj) <=^> u,v G S 1 ^ 1 ,^') p G £ 1 (X,lu); 

(ii) p G £(uj,uj) u,v G £(P\u/) <p G £ (X,u); 
(Hi) p G DMA(X,uj) ip G £(uj,uj). 

Proof, (i) Note that 

Jpuj^Auj = J uuJi, a Auj 2 + J v uji A uj 2tV + 

where the integrals J uujiAuj2 jV and J t)Wi itt Aw2 are always finite by Fubini's 
theorem. We use here the obvious notations uj\^ u \ — (uj\ + dd c u)(x) and 
uj2v '■= (<^2 + dd c v)(y). This shows that tp G f 1 ^,!^) if and only if u, v G 
^(PV)- 

If u,v G £ 1 (¥ 1 ,uj') then ^ G W 1 ' 2 , hence <p G MA(X,w) and - 2 
2wi )U A W2,t)- By Fubini's theorem 



/ <£u 2 =2 uuji )U + 2 
J Jpi Jp 



VUJ 2 ,v, 

pi 



so uj 2 ({(p = — oo}) = 0. We conclude that ip G £(X,uj), hence p G ^(X, uj). 
This formula also shows that tp G ^(X, uj) implies that u, v G £ 1 (P 1 , uj'). 
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(ii) and (in). The equivalence ip G £ w) «,»£ (^(P 1 , u/) is a direct 
consequence of the following equality: 

/ LO (p Au = L0 ljU + / U 2 ,v 

J {tp=— 00} J {«=— 00} J {f =— 00} 

We show next that u, v G ^(P 1 ,^/) =>■ G £(X,cj). Let ipj,Uj,Vj be 
the canonical approximants and set Ej = {u > — j} PI {i> > — j}. Since the 
bounded 02-psh functions p> 2 j and Uj + Vj coincide on the plurifine open set 
Ej, we have by [BT4] that 

1e j L0 1>2j = 2 ' 1 Ej UJ u J A U Vj = 2 • l{ u> -j}U Uj A l{ v> _ j }Ul Vj . 

Note that the product measure to u A 02^ puts full mass 2 on the set {u > 
-co} (~l {v > —00}, and that l{ ¥ , > _ 2 j} < ^^ 2j > -^^^j - This shows that the 
sequence of measures ^-{<p>~2j} UJ ^, 2j increases to a measure with total mass 
2, hence p G S(X,oj). 

We conclude the proof by showing that p G DM4(l,w) implies that 
u, v G ^(P 1 ,^'). Assume for a contradiction that u g" ^(P 1 ,^'). We may 
assume that there exists a compact K C {v = -co} n{[l : w] : w 6 C) so 
that 



dd c V = a>0, V(w) := log y/l + \w\ 2 + u([l : w]). 

>K 

We use here (bi)homogeneous coordinates [zq : z±], [wo : wi] on X. Let Uj 
be smooth a/-psh functions decreasing to u on P 1 , and set 

= log Vl + M 2 + «;([! : z]), 
$j(z,w) = max(Uj(z) + V(w),\og\z-C\-j), 

where ( S C. The functions <&j yield functions G DMA(X, uj) decreasing 
to ip, hence (dd c $j) 2 — »■ w 2 on C 2 C X. We will show that 



{z=C}xK 



<4 > a- 



Since C is arbitrary, we get a contradiction. 

For r > let xi > be a smooth function such that Xi( z ) = 1 in the 
closed disc E r of radius r centered at C and xi is supported in the disc 
D r of radius 2r centered at £. For fixed j let TV be an open neighborhood 
of K so that V(w) < logr — j — maxc r for w G iV, and let X2 > 
be a smooth function supported in N such that X2{w) = 1 on X. Let 
X(z, = Xi( z )X2{w). Since (M c x A dd c Qj is supported on the open set 
{Uj(z) + V(u;) < log \z - C| - j} it follows that 

J x {dd c <S>jf = j {Uj + V) dd c x A dd c <f>j 

j xdd c V Add c <5>j = J <f> jX 2 dd c xi(z) Add c V(w). 



> 

Note that 



Uj(z) + V(w) < log r — j < log 1 2 - C| - j 
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a. 



on the support of X2<ld c xi, thus 

J X (dd^j) 2 > J (log \z - C| - j)X2 dd c X i A dd c V 

= J X dd c log \z - C| A dd c V > j dd c V 
We conclude that 

/ uj 2 > limsup / (dd c $j) 2 > a, 

JE r xK j^oo JE r xK 

and as r — > 0, that /{ 2= ^} x x LJ ^> — a - ^ 

5.2. The case X = F 2 . We produce now similar examples in the case of 
X = F 2 with to the Fubini-Study form. Let [t : z : w] denote the homoge- 
neous coordinates and ip be a w-psh function with Lelong number 1 at point 
p = [1 : : 0]. It is easy to see that ip can be written as 

\ M 2 _|_ l^l 2 

(11) <p[t : z : w] = - log |t|2 - - |w|2 + u\z : w ] 

where u is a u/-psh function on {i = 0} ~ P 1 . 

Proposition 5.2. 7/n ^ £(P\u;) then if $ DMA(F 2 ,oo). 

Proof. Suppose ip £ DMA(F 2 ,uj) and let ipj be functions defined by (11) 
with u replaced by Uj, where Uj are bounded o>psh on P 1 decreasing to u. 
Then ipj decreases to ip and u^. = 5 P is the Dirac mass at p, hence w 2 = S p . 

On the other other hand, we are going to construct another sequence 
of functions ipj G DMA(F 2 ,u>) decreasing to tp such that u>^. does not 
converge to S p . Let K C {t = 0} be a compact so that u = — oo on K and 
w u (ET) = a > 0, and let 

ipj([t :z:w})= max ^([/ : z : «/]), log \t\ - X - log(|t| 2 + \z\ 2 + |u»| 2 ) - . 

Then ipj G DMi| oc (P 2 ,w) by Proposition 4.6. One can show, as in the 
proof of Proposition 5.1, that (K) > a, for all j. This contradicts that 
uj 2 = S p . □ 

For functions <p as in (11), it is easy to show that <p G DMAi oc (F 2 , uj) if and 
only if u 6 PF 1 ' 2 (P 1 ). It is an interesting question whether y> G DM4(P 2 ,w) 
if u € ^(P 1 ,^/). A concrete example is 



<^ a [i : z : w] := - log 



1, \z\ 2 + \w\ 2 



2 b |i| 2 + |z| 2 + M 2 



1 , \z 



2 



1 - o lo § 



+ M 



where < a < 1. Then ^ £(P 2 ,u;) since it has positive Lelong number 
at p, and p a ^ DMyl; oc (P 2 , uj) if a > 1/2. It would be of interest to know 
if <p a £ DMA(F 2 ,to) for some a £ [1/2, 1]. 
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5.3. A candidate? Previous examples indicate that in dimension n = 2, 
the class 

£(lu,lu) := {if G PSH(X,u)/(u + dtf(p){{(p = -oo}) = 0} 

plays a central role. Note that it enjoys several interesting properties: 

• £{uj,uj) is convex and stable under maximum; 

• £(u),u>) = £(u/,u/) nPSH(X,uj) whenever uj < uj'; 

• DMAi oc (X,lo) C £ 1 {uj,uj) c £{u),uj); 

• £(X, lo) c £(uj, uj). 

Together with the special examples analyzed in sections 5.1 and 5.2, this 
motivates the following: 

Question 5.3. Assume n = dime X = 2. 

Do we have DMA(X,u) C £(uj,uj) and/or £(uj,uj) C DMA(X,u)? 
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